Abstract. A semiclassical transport equation for electrons in a semiconductor crystal is considered. It includes a nonlinear scattering operator modelling electron-phonon interaction. A formal macroscopic limit under the assumption of a small phonon energy is carried out, leading to the so called spherical harmonics expansion (SHE-) model for an energy-dependent distribution function with a scattering operator of Fokker-Planck type. By a further macroscopic limit for electric elds balancing the inelastic scattering operator, a nonlinear, hyperbolic conservation law for the macroscopic density is derived. The ux depends nonlinearly on the electric eld. The nonlinear structure of the conservation law and the behaviour for large elds are studied.
Introduction
The behaviour of charged particles under the action of electric elds and dominantly elastic scattering mechanisms receives increasing attention recently. Two important applications are the transport of light particles undergoing collisions with heavy particles in ionized gases 4], 9], 13] and the transport of charge carriers in semiconductor crystals 3], 5], 1], 12], 14]. In a kinetic description, the dominance of elastic scattering mechanisms causes the distribution function to be almost isotropic in terms of the wave vector (respectively the velocity). Models for approximating distribution functions depending only on the energy have rst been derived for particles with rotationally symmetric transport properties by an expansion in terms of spherical harmonics (see, e.g., 15] . Although this procedure can be replaced by an asymptotic approach extendable to nonisotropic situations 5], 1], the resulting models are often called SHE-(spherical harmonics expansion) models.
In general, SHE-models contain scattering terms with a tendency to move the distribution towards equilibrium. Thus, the long time behaviour is described by macroscopic equations for the parameters in the equilibrium distribution. Of recent interest 2] are macroscopic limits for high eld situations where the ground state is in uenced by an electric eld balancing the scattering mechanisms.
The present work is concerned with the transport of electrons in a semiconductor crystal subject to acceleration by a prescribed electric eld and to interaction with phonons with constant phonon energy. With the assumptions that a typical energy of the electrons is the thermal energy and that the phonon energy is small compared to that, the electron-phonon interaction is almost elastic and the framework described above applies. The main di erence to earlier work 3], 14], is that a nonlinear scattering operator is considered taking into account degeneracy e ects for high densities.
In the following section the kinetic model is presented and nondimensionalized according to the above comments. Some properties of the scattering operator are collected in section 3. In section 4 the SHE-model is derived by a Hilbert expansion (following a standard procedure 5], 1], 14]). The scattering operator in the SHE-model is a nonlinear di erential operator of Fokker-Planck type. This part of the present work is an extension of 14] to the nonlinear and nonisotropic case.
The comparison to related models is the subject of section 5. Here dif-ferent scaling assumptions are used, following 1], 3]: The phonon energy is assumed of the order of magnitude of the thermal energy (which is valid for, e.g., optical phonons in silicon), and the average electron energy much larger than that. The macroscopic limit gives a nonlinear extension of the SHE-model derived in 3]. It can be seen as a submodel of the one derived in section 4. The scattering operator is a rst order degeneration of the second order Fokker-Planck operator. Finally, section 6 is concerned with a macroscopic limit for high elds of the SHE-model derived in section 4. This is a nonlinear (and nonisotropic) extension of a result from 2]. A rst order continuity equation for the macroscopic density is derived, containing a conductivity matrix with a nonlinear dependence on the density and on the electric eld. The asymptotic behaviour for large elds and the nonlinear structure are studied showing that compression shocks are enabled by the nonlinearity.
The Kinetic Model
We describe the transport of electrons in a semiconductor crystal by a distribution function f(x; k; t) depending on the position x 2 IR is a model for the interaction of the electrons with phonons with constant energy " phon . The matrix element is a symmetric function of k and k 0 . In the following it will be assumed to be bounded away from zero: (x; k; k 0 ) > 0. The Boltzmann constant and the lattice temperature are denoted by k B and T L , respectively. In (2.2), the prime is used as a shorthand notation for evaluation at k 0 . The factors 1?f and 1?f 0 account for the Pauli exclusion principle and make the collision operator quadratically nonlinear. In low density approximations they are often left out. The distribution function has to satisfy the inequalities 0 f 1. We point out that (2.1) is a model equation where other scattering e ects (like impurity scattering, electronelectron scattering, band-to-band transitions) are ignored.
As a degenerate example for the band diagram we mention the parabolic band approximation close to a band diagram minumum for all " 2 R.
A Macroscopic Limit
In (2.4), we introduce the (macroscopic) di usion scaling E ! E ; x ! x ; t ! t For the parabolic band and the constant matrix element (2.6) the di usivity is isotropic: D = "=3 Id, " > 0.
An Alternative Scaling
In this section an alternative scaling of the kinetic equation (2.1) is introduced and the corresponding macroscopic limit is carried out. This is motivated by the fact that the assumption of smallness of the phonon energy compared to the thermal energy is not valid for optical phonons. Also, when high electric elds are applied, a reference value for the energy related to the applied potential (instead of the lattice temperature) seems more reasonable. Such a scaling has been introduced in 1] and 5]. The results of this section can be seen as an extension of 3] to a nonlinear scattering model.
We start with the unscaled kinetic model (2.1), (2.2), and introduce a new reference energy (again denoted by) " di erent from (actually signi cantly .2) seems to be preferable to its counterpart derived in the present section: It is parabolic whereas dropping the term k B T L @F @" produces an equation of mixed type. Also it contains the correct equilibrium (FermiDirac) distributions as steady state, space homogeneous solutions of the eld free equation. Of course, it is inaccurate for smaller energies (of the order of the thermal energy) if is not small, but this is true for both models.
In 12] a related model has been derived by considering two di erent scattering mechanisms: Phonon scattering with a constant (not small) phonon energy and a dominating elastic scattering. The macroscopic model is again a SHE-equation with the scattering operator in (5.2) replaced by a di erence operator, which can be interpreted as a discretization of the right hand side of (5.2). The grid spacing is the phonon energy. In a numerical approach, the di erent models could be combined: A discretization of the scattering operator in (5.2) should use the phonon energy as the grid spacing for small energies, whereas larger spacings can be used for energies large compared to the thermal energy. A similar approach is used 7] in models for condensation, where the independent variable is the number of molecules in a droplet instead of the energy.
A Further Macroscopic Limit. High Fields
In this section we shall be concerned with a macroscopic limit of the SHEequation (4.7). As in the beginning of the previous section a rescaling is carried out:
x ! x ; t ! t ; (6.1) where the small parameter is a Knudsen number measuring the ratio between the mean free path relevant for the inelastic contribution to the scattering events and a macroscopic length scale. Note that the eld is not rescaled. Thus, we allow for eld strengths balancing the inelastic collision e ects. Finally, we discuss some qualitative properties of (6.4). In particular, the behaviour for large elds will be analyzed. We have to distinguish between the cases of a bounded Brillouin zone and the parabolic band approximation.
For the rst case, we set E = E! with j!j = 1 and E ! 1. We easily obtain % % max 1 + e ? ; as E ! 1 ; (6.5) where % max , the scaled maximal value of the macroscopic density, is equal to the volume of the scaled Brillouin zone. The asymptotic behaviour of the conductivity matrix is given by e ? E 2 (1 + e ? ) 2 
